Abstract. Link-homotopy and self ∆-equivalence are equivalence relations on links. It was shown by J. Milnor (resp. the last author) that Milnor invariants determine whether or not a link is link-homotopic (resp. self ∆-equivalent) to a trivial link. We study link-homotopy and self ∆-equivalence on a certain component of a link with fixing the rest components, in other words, homotopy and ∆-equivalence of knots in the complement of a certain link. We show that Milnor invariants determine whether a knot in the complement of a trivial link is null-homotopic, and give a sufficient condition for such a knot to be ∆-equivalent to the trivial knot. We also give a sufficient condition for knots in the complements of the trivial knot to be equivalent up to ∆-equivalence and concordance.
Introduction
For an ordered and oriented n-component link L, the Milnor invariant µ L (I) is defined for each multi-index I = i 1 i 2 ...i m with entries from {1, ..., n} [17, 18] . Here m is called the length of µ L (I) and denoted by |I|. Let r(I) denote the maximum number of times that any index appears in I. Hence any index appear in I at most r(I) times. It is known that if r(I) = 1, then µ L (I) is a link-homotopy invariant [17] , where link-homotopy is an equivalence relation on links generated by self crossing changes.
While Milnor invariants are not strong enough to give a link-homotopy classification for links, they determine whether a link is link-homotopic to a trivial link or not. In fact, it is known that a link L in S 3 is link-homotopic to a trivial link if and only if µ L (I) = 0 for any I with r(I) = 1 [17, 9] .
Even if a link is link-homotopic to a trivial link, it is not necessarily true that a certain component of the link is null-homotopic in the complement of the other components. In this paper, we study homotopy of knots in the complement of a certain link.
Although Milnor invariants µ(I) with r(I) ≥ 2 are not necessarily link-homotopy invariants, we have the following. The 'only if' part holds for more general setting, see Proposition 4.1. Theorem 1.1. Let L = K 0 ∪ K 1 ∪ · · · ∪ K n be an (n + 1)-component link such that L − K 0 is a trivial link. Then K 0 is null-homotopic in S 3 \ (L − K 0 ) if and only if µ L (I0) = 0 for any multi-index I with entries from {1, ..., n}.
The last author is partially supported by a Grant-in-Aid for Scientific Research (C) (#20540065) of the Japan Society for the Promotion of Science. Remark 1.2. (1) In the theorem above the condition that L − K 0 is a trivial link is essential. Let K be a non-trivial knot and K ′ be the longitude of a tubular neighbourhood of K. Then the link L = K∪K ′ is a boundary link, i.e., its components bound disjoint orientable surfaces. Hence the all Milnor invariants of L vanish. (Note that L is link-homotopic to a trivial link.) On the other hand, since K is a non-trivial knot, it follows from Dehn's lemma that K ′ is not null-homotopic in S 3 \ K [25, Chapter 4, B.2]. (2) In [33, Example 6.4] , the last author gave a 3-component link L = K 1 ∪ K 2 ∪ K 3 such that K i is null-homotopic in S 3 \(L−K i ) (i = 2, 3) and K 1 is not null-homotopic in S 3 \ (L − K 1 ).
A link is Brunnian if every proper sublink of it is trivial. In particular, trivial links are Brunnian. By Theorem 1.1, we have the following corollary. This gives a characterization of Brunnian links, where each component is null-homotopic in the complement of the rest of the components. [4, Section 6] , µ L (I0) = 0 for any multi-index I with entries from {1, ..., n}. By combining this and Theorem 1.1, we have the following corollary.
Remark 1.6. J. Hillman has pointed out that Corollary 1.5 can be shown by using the universal covering space of S 3 \ (L − K 0 ) as follows: We may construct the maximal free cover of S 3 \ (L − K 0 ) by gluing infinite copies of S 3 -cut-along-F , for example see [11, Section 2.2] . Note that the maximal free cover is the universal cover, since the link ∂F = L − K 0 is trivial. If K 0 ∩ F = ∅, then K 0 lifts to the universal cover, and hence is null-homotopic in
.., n), where −X denotes X with the opposite orientation. A link is slice if it is concordant to a trivial link. Since the Milnor invariants are concordance invariants [2] , Theorem 1.1 gives us the following corollary.
Remark 1.8. Let K be a slice knot which is non-trivial, and K ′ the longitude of a tubular neighbourhood of K. Then the 2-component link L = K ∪ K ′ is a slice link. As we saw in Remark 1.2 (1), each component is not null-homotopic in the complement of the other. Hence the Brunnian property in Corollary 1.7 is necessary.
A ∆-move [19, 15] is a local move on links as illustrated in Figure 1 .1. If the three strands in Figure 1 .1 belong to the same component of a link, we call it a self ∆-move [26] . Two links are said to be ∆-equivalent (resp. self ∆-equivalent) if one can be transformed into the other by a finite sequence of ∆-moves (resp. self ∆-moves). Note that self ∆-equivalence implies link-homotopy, i.e., if two links are self ∆-equivalent, then they are link-homotopic. For knots, self ∆-equivalence is the same as ∆-equivalence.
It is known that a link L in S 3 is self ∆-equivalent to a trivial link if and only if µ L (I) = 0 for any I with r(I) ≤ 2 [33, Corollary 1.5]. Even if a link is self ∆-equivalent to a trivial link, it is not necessarily true that a certain component of the link is ∆-equivalent to the trivial knot in the complement of the rest components, where a knot is trivial in the complement of a link if it bounds a disk disjoint from the link. We study ∆-equivalence of knots in the complement of a certain link. The following theorem is comparable to Corollary 1.5.
¢-move
In particular, for any Brunnian, boundary link, each component is ∆-equivalent to the trivial knot in the complement of the rest components. Remark 1.10. (1) As we saw in Remark 1.2 (1), there is a 2-component boundary link such that each component is not null-homotopic in the complement of the other component. Since self ∆-equivalence implies link-homotopy, any component is not ∆-equivalent to the trivial knot in the complement of the other component. This implies that the condition, L − K 0 is trivial, in Theorem 1.9 is essential. We also notice by [29, 33] that L is self ∆-equivalent to a trivial link since L is a boundary link. (2) In the last section, we give a 3-component Brunnian link L such that L is self ∆-equivalent to a trivial link, and each component K of L is not ∆-equivalent to the trivial knot in S 3 \ (L − K) (Example 6.2). Since some Milnor invariants of L are non-trivial, L is not a boundary link. Hence the condition that L is a boundary link in Theorem 1.9 is necessary.
Then we have the following relation between homotopy of a knot and ∆-equivalence of the Whitehead double of that knot in the complement of a trivial link.
It is known that concordance implies link-homotopy [6, 7] and it does not necessarily imply self ∆-equivalence [22, Claim 4.5] . Now we consider an equivalence relation on links combining self ∆-equivalence and concordance. Two links L and
′ of links such that L i and L i+1 are either concordant or self ∆-equivalent for each i ∈ {1, ..., m − 1}. Links up to self ∆-equivalence and concordance have been studied in [28] , and [32] . Classification of string links up to self-∆ concordance is given by the last author [32] . In [27] and [28] , the second author defined an equivalence relation, ∆-cobordism. It is not hard to see that two links are ∆-cobordant if and only if they are self-∆ concordant.
We consider self-∆ concordance of a certain component of a link while fixing the rest of the components. i.e., self-∆ concordance of knots in the complement of a certain link. Two knots K and
For knots in the complement of the trivial knot in S 3 , we have the following. Theorem 1.12. Let K and K ′ be knots in the complement of the trivial knot O in 
is invariant under both self ∆-equivalence [5] and concordance [2] , K is not ∆ concordant to be trivial in S 3 \ O. This implies Theorem 1.12 does not hold for lk(
Moreover, in Example 6.5, we show that for any p (|p| ≥ 2), there are two links
. Let l i be the linking number of k i and a meridian of V i . Let φ i : V i → V i be a homeomorphism which maps a preferred longitude of V i onto a preferred longitude of
a componentwise satellite link of type (Γ; l 1 , ..., l n ) and Γ the companion of L. The link in Figure 1 .2 is a componentwise satellite link of type (H; 1, 1) for the Hopf link H with linking number one. If l 1 = · · · = l n = 1, then by Theorem 1.12, each k i is ∆ concordant to the core of V i in V i . Hence we have the following. Corollary 1.14. Let L be a componentwise satellite link of type (Γ; 1, ..., 1). Then L is self-∆ concordant to its companion Γ.
(1) Let L be an n-component link which is a componentwise satellite link of type (Γ; l 1 , ..., l n ). Suppose that Γ is self-∆ concordant to a trivial link O. It is not hard to see that if Γ is concordant to a link Γ ′ , then L is concordant to a link which is a componetwise satellite link of type (Γ ′ ; l 1 , ..., l n ). This and [30, Proposition 1] imply that L is self-∆ concordant to a link L ′ which is a componetwise satellite link of type (O; l 1 , ..., l n ). Since each component of L ′ is separated from the rest components by a 2-sphere, it is ∆-equivalent to the trivial knot [19] . This implies that L ′ is self ∆-equivalent to O. Hence L and O are self-∆ concordant for any l 1 , ..., l n . (2) Let L be a 2-component link which is a componentwise satellite link of type (Γ; p, q). Then we have that µ L (12) = pqµ Γ (12) and µ L (1122) = p 2 q 2 µ Γ (1122) [30, Lemma 1] . Where µ(12) and µ(1122) are Milnor invariants, which are known to be concordance invariants [2] and self ∆-equivalence invariants [5] . Suppose that Γ is not self-∆ concordant to a trivial link. Then by [32 
Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following lemma which is a direct corollary of [14, Theorem 5.6] .
.., x r be the free group of rank r. An element w ∈ F (r) is trivial if and only if the Magnus expansion E(w) of w is equal to 1.
Although the lemma above follows from [14, Theorem 5.6 ], the proof is very short, and so we include it here for the reader's convenience.
Proof. The 'only if' part is obvious. We show 'if' part. The proof is essentially the same as the proof of [14, Theorem 5.6] .
Let w = x
is be a freely reduced word which represents a nontrivial element, where p j are non-zero integers and
. Hence E(w) = 1. This completes the proof.
Proof of Theorem 1.1. First we show the 'only if' part. Suppose that (1, m 1 , . .., m n )) can be obtained from the expansion
by substituting 0 for X 0 . Hence by the assumption that µ L (I0) = 0 for any multiindex I with entries from {1, ..., n}, we have
3. Proof of Theorem 1.9
Let L = K 1 ∪· · ·∪K n be an n-component link in a 3-manifold M and B ⊂ M a band attaching a single component K i with coherent orientation, i.e., B ∩L = K i ∩B ⊂ ∂B consists of two arcs whose orientations from K i are opposite to those from ∂B. Then L ′ = (L∪∂B)−int(B ∩K i ), which is an (n+1)-component link, is said to be obtained from L by fission (along a band B) in M, and conversely L is said to be obtained from L ′ by fusion (along a band B) in M [13] . The following lemma is shown in [32] . 
Now we are ready to prove Theorem 1.9. The proof is given by combining Corollary 1.5, and Lemmas 3.1 and 3.2.
Proof of Theorem 1.9. Let F 0 ∪ F 1 ∪ · · · ∪ F n be a disjoint union of orientable surfaces with ∂F i = K i (i = 0, 1, ..., n) and F i ∩ F j = ∅ (i = j). Let G be a bouquet graph which is a spine of F 0 , i.e., G consists of 2g loops C 1 , ..., C 2g and a point P with C i ∩ C j = P (i = j), and G is a deformation retract of F 0 , where g is the genus of F 0 . We may assume that F 0 consists of a disk D and bands b 1 , ..., b 2g so that D contains P and b i ∪ D is an annulus with the core C i for each i. By Corollary 1.5, each Figure 3 .1. Therefore ∂F 0 = K 0 can be transformed into an algebraically split link L 0 in B 3 by a finite sequence of fissions as illustrated in Figure 3 .2, where a link is algebraically split if the linking numbers of its all 2-component sublinks vanish. Hence L 0 is ∆-equivalent to a trivial link in B 3 [19] . It follows from Lemma 3.1 that there is a knot
and is transformed into a trivial link by a finite sequence of fissions in S 3 \ (L − K 0 ). We note that K 
Proof of Theorem 1.11
Habiro [10] and Goussarov [8] independently introduced the notion of a C k -move. A C k -move is a local move on links as illustrated in Figure 4 .1, which can be regarded as a kind of 'higher order crossing change'. In particular, a C 1 -move is a crossing change and a C 2 -move is a ∆-move. We call a C k -move a self C k -move if all the strands belong to the same component of a link. The (self) C k -move generates an equivalence relation on links, called (self) C k -equivalence, which becomes finer as k increases. This notion can also be defined by using the theory of claspers [10] . The first and the last authors [5] showed that any Milnor invariant µ(I) with r(I) ≤ k is a self C k -equivalence invariant. The proof of [5, Theorem 1.1] implies the following proposition. Note that this proposition is a generalization of the 'only if' part of Theorem 1.1.
Ck-move
, then µ L (I) = 0 for any multi-index I with entries from {1, ..., n} such that the index i appears in I at least once and at most k times.
The 'only if' part of Theorem 1.11 holds for more general setting as follows. Let W i (L) be the link obtained from L by Whitehead doubling the ith component of L.
by a local move as illustrated in Figure 4 .2, which is realized by ∆-move (for example see [31] In order to prove Proposition 5.1, we need the following lemma.
Lemma 5.2. Let K and M be as in Proposition 5.1. There is a sequence of q fissions that transforms K into an algebraically split link
Proof. First, we inductively transform K into a link K q ∪ L q , which is not necessarily algebraically split, such that L q is contained in V −M and |lk(∂M,
[
1st
Step] Choose two points a 1 and b 1 in M ∩ K so that (1) sign(a 1 ) = 1, sign(b 1 ) = −1 and (2) there is a subarc α 1 in K with M ∩ α 1 = ∂α 1 = {a 1 , b 1 } such that the orientation from a 1 to b 1 along α 1 is as same as that of K. Let γ 1 be an arc in M with γ 1 ∩ K = ∂γ 1 = {a 1 , b 1 }, and let N(γ 1 ) be a fission band of K which is an I-bundle over γ 1 with N(γ 1 ) ∩ M = γ 1 . By fission along N(γ 1 ), we have a new link
Step] Choose two points a 2 and b 2 in M ∩ K 1 so that (1) sign(a 2 ) = 1, sign(b 2 ) = −1 and (2) there is a subarc α 2 in K 1 with M ∩ α 2 = ∂α 2 = {a 2 , b 2 } such that the orientation from a 2 to b 2 along α 2 is as same as that of K 1 . Let γ 2 be an arc in M with γ 2 ∩ K 1 = ∂γ 2 = {a 2 , b 2 }, and let N(γ 2 ) be a fission band of K 1 which is an I-bundle over γ 2 with N(γ 2 ) ∩ M = γ 2 . By fission along N(γ 2 ), we have a new link
Running this process until the q-th step, we have
This vector depends on the choice of γ 1 , ..., γ q . We denote the vector by v(γ 1 , ..., γ q ). We choose arcs γ 1 , ..., γ q so that v(γ 1 , ..., γ q ) is the minimum under the lexicographic order. If v(γ 1 , ..., γ q ) is a non-zero vector, then we have that l i,j = 0 for some 1 ≤ i < j ≤ q + 1. Case 1: When i = q and lk(K (i) , K (j) ) > 0 (resp. < 0), we choose a disk D j which is a regular neighborhood of a j in M with lk(∂D j , K) = 1 (resp. = −1). Let B be a band attached to both ∂D j and γ i with coherent orientation, see Proof of Theorem 1.12. Let K and K ′ be knots in a solid torus V ⊂ S 3 , which is the complement V of the trivial knot O, with lk(∂M, K) = lk(∂M, K ′ ) = 1, where M is a meridian disk of V with ∂M = O.
We may assume that (D
Suppose that K intersects M transversely and |M ∩K| = 1+2q. From Proposition 5.1, there are (1 + q) fissions in V which transform K into L 1 ∪ L 2 such that L 1 is the core of V and L 2 is an algebraically split link with q components in a 3-ball B 3 in V − L 1 . Since an algebraically split link is ∆-equivalent to a trivial link [19] , L 2 is ∆-equivalent to a trivial link in B
3 . This implies that K can be transformed into a link L 1 ∪ L 2 by a finite number of fissions, and L 1 ∪ L 2 into a split sum of L 1 and a trivial link by self ∆-moves. (Recall that a self ∆-move means a ∆-move whose three strands belong to a link obtained from a single component by fissions.) By Lemma 3.1, there is a knot
By a similar argument, K ′ is ∆ concordant to L 1 and hence ∆ concordant to K.
Examples
Example 6.1. Let L = K 1 ∪ K 2 ∪ K 3 be the closure of the 3-string link as illustrated in Figure 6 .1, which is represented as a trivial string link with claspers. Roughly speaking, each clasper can be replaced with a tangle as illustrated in Figure 6 .2. For a precise definition, see [10] . Note that L is a Brunnian link. By using the calculation method described in [33, Remark 5. For any k ≥ 2, there are knots that are C k -equivalent to the trivial knot and not C k+1 -equivalent to the trivial knot [24] . Let L be a link which is a split sum of such knots. Then each component K of L is C k -equivalent to the trivial link in S 3 \ (L − K) and is not C k+1 -equivalent to the trivial link in S 3 \ (L − K). It seems to be uninteresting. Hence we show that for each k ≥ 2, there is a Brunnian 2-component link L such that each component K of L is C k−1 -equivalent to the trivial knot and is not C k -equivalent to the trivial knot in S 3 \ (L − K). Remark 6.4. In the proof of Example 6.3, we show that Proof. First we compute the Conway polynomial ∇ L k (z) mod z 2k . By changing/splicing the two crossings c 1 and c 2 in Figure 6 .4, we have
where H is the Hopf link with ∇ H (z) = z, K k is the knot as illustrated in Figure 6 .5 and L ′ k is the link as illustrated in Figure 6 .6. Note that L ′ k is C 2k−2 -equivalent to a trivial link. Since the finite type invariants of order ≤ m − 1 are invariants for C m -equivalence [10] , and since the z m−1 -coefficient a m−1 of the Conway polynomial is a finite type invariant of order
. Therefore, it is enough to compute ∇ K k (z). We compute the Alexander-Conway polynomial in order to have ∇ K k (z). For a Seifert surface F of K k and a basis x 1 , ..., x 2k−2 , y 1 , ..., y 2k−3 , z of H 1 (F ; Z) as illustrated in Figure 6 .7, we have the following Seifert matrix with respect to the basis
where Then, the Conway polynomial
In general,
This implies ∇ L k (z) ≡ −(−1) k 2z 2k−1 mod z 2k .
On the other hand, we note that L k is obtained from the trivial knot by surgery along C 2k−1 -tree T such that the number of leaves that intersect the ith component is equal to k for each i (i = 1, 2) (see Figure 6 .2). It follows from the proof of [ [20] , [3] , and µ L (12) = lk(K 1 , K 2 ) = p. Hence we have
Since µ(1122) is a self-∆ concordance invariant [5] , we have the conclusion.
